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Background

Additivity Conj:  Spin(Pa ® ®¢) = Smin(Pa) @ Smin(Pc)

proved false by Hastings (2009) followed work of Hayden-Winter
later work by King-Fukuda, Brandao-Horodecki

new proofs by Auburn-Szarek-Werner, Collins-Nechita

Shor (2003) showed equiv with other add conj; raised new question

pa = 1Va)(Wal, pc = |vc) (Y| local min S[®a(pa)l, S[Pc(pc)]
= |Ya®c)(Wa® | give local min S[(®a @ D) (pac)] 7?

S(p) = —Trplogp von Neumann entropy Smin(®) = min S[®(p)]
P

quantum channel ®4: B(Ha) —: B(Hg) CPT map

completely positive, trace-preserving
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Equivalent question via Stinespring

minimum over convex set of density matrices p >0, Trp=1

S[®(p)] concave = all minima on boundary p = [¢))(¢b| pure

Stinespring:  ®(p) = Trg VpV* V*V = Ig
O(|v)(¥[) = V) (| V™ V:Ha— Hp @ He

Rewrite problem x ~ Vi)  vec in subspace of Hg @ Hg ~ Ha

rep x as dg X dg matrix

O([Y)(¥]) = Tre Vo) (| V* = xx* = x| =(p)

generic situation d3 > de >> dg and xx* full rank (non-sing)

loc min S(xx*) = —Trxx*logxx* x € subspace Hg @ Hg ~ Ha
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Using integral representation to differentiate entropy

log(p + t7) — | /Oo[ ! ! }d
o} —logp = — u
gLy~ ty gp s lptu prtvtu
/C’O[ 1 p+ty+u p+u 1 }d
= — u
0 prup+ty+u pHrupt+ty+u
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—— du
pt+ty+u
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= /0 m[ﬂ‘f't’Y"‘U_ﬂ_U)}
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First derivative

S(p+t7)—S(p) = —Trp[log(p+ tv) —log p] — tTrylog p+ O(t)

S ty)— S < 1 1
lim (p+t7) () = —Trp/ v du—Tr~ylogp
t—0 t o ptu ptu
~Trpp~'y — Trylogp
= —Try—Trvylogp
= 0—Trylogp = =Trylogp
since Try = 0. Valid even when p singular.
; : oo 1 1 _
Later interest: Tr [, PrraYpadu = 0

M. B. Ruskai Gour-Friedland local additivity



Expansion in power of t

S(p+tyw+t2y1) = —Tr(p+tyo + t2y1)[logp + tF + t2G]|

= S(p)—tTryologp — t*Try1log p

—t2Tr/oo o du
0 70p+u170p+ul

+ 2 Tr

o0
1 |
du+ O(t3
/0 p+u170p+ulvop+ul (£

= S(p) — tTryologp — t*Tryilog p
1
2

o 1 1
t2Tr/0 Y ;70 du + O(t?)

expect 3 t? terms
p+ul

p+u

commute: two ints —Trygp 1o + %Tr%p_lfyo = —%Tr%p_lfyo

Surprise: Can still combine in non-comm case
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Second derivative

(x + ty)(x + ty)"

= xx* + t(xy* + yx*) + 2 (yy* — xx*)

1+1¢?
2 d2 N
—S t t2 ‘ — 75<W>’ =D
dr2 (p+ Yo + '71) =0 di2 1+¢2 =0 2[Xay]
& 1 1
= —Tryilogp — éTr/O 70p+u170p+uld

First term  Tryilogp = —Tryy* log xx* + S(xx*)  additive

Concentrate on second — will rewrite beginning with

T /OO 1 L du=T _
r u=1.1r _—
; 70p+u170p+ul 7o Lr—Rp "o

Jon Yard independently obtained this form of second derive.
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Aside on left, right mult and modular operator

d x d matrices form Hilbert space with (A, B) = TrA*B
Def. Left and Right mult as linear operators on this vector space
La(X) = AX and Rs(X) = XB

a) Ly and Rg commute La[Rg(X)] = AXB = Rg[La(X)]
b) A= A* = La, Ra self-adjoint wrt H-S inner prod

For A, B > 0 positive definite
c) La, Ra pos def (X, Ra(X)) = Tr X*XA = Tr XAX* >0
d) (La) ™' =La1, (Re)™ =Rp-
e) f(La) = Lf(a) logLa = Lioga log Ra = Rioga

simple form of deep idea: Araki Apg = LAREI relative modular op

M. B. Ruskai Gour-Friedland local additivity



Rewrite using modular operator
(L|0gp - R|ogp)A = A(Iog P) —A Iog P
o0 1
= A Ald
/0 < P+ul P+ ul ) !

:/ PA AP)5 LIS
0 +ul

)
,_.—|—

o 1
= L — Rp)A d
/0 P \tp— ReAG
LIogP - RIogPA _ /oo 1 A 1 du
Lp — Rp o P+ul P+ul
P—p A— v
e 1 1 Liog P Riog P
T du=T & £
r/o Yo 0 =TT R, 0
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Use form of 7y to rewrite further

Yo=xy*+yx* x,y dp xdg, dg>> dgin general

(x )

assume p = xx* = x* =( ) non-sing

x=/pP=xx*P PP* = Ig xP* = (Vxx* 0)
Yo = /pPy* +yP*\/p Write Py* =w + iz w=w*z=2z"
Y% = (L +Rp)w+i(l;— R p)z After some work get

o Lios p—Rio
2T /0 Yomraommd = T~z 0
= Tr W¢(A\/,3)(W) + Trng(—A\/;,)(z)
¢(a) = 321 loga® = ¢(a™?) A s = L\/ﬁR\;%
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Gour-Friedland subadditivity inequality

recall ¢(a) = %jﬂ log a®> = ¢(a~!) well-defined for a€ R, a#0

¢(£ac) < 3[¢(a) + ¢(—a) + ¢(c) + d(—c)]
Use spectral theorem for A = L\/,;R:/% Write A4 for x4 etc.

(A ® Ac) as operator inequality
< [A(AA) BT+ d(—Da)RTLc+IaR H(Ac) +Ia® (—Ac)]

Tryas S(EAARAC)(vaB) < 5[Tryag ¢(Ba)@Zc(yas)+. .|
Trya®yc ¢(FAARAC)(ya®yc) < 5[(Traya d(Da)ya)Tre yéye+. . ]

Gour-Friedland local additivity
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Decompose derivative

Da[x,y] = =Tryy™ log xx*=S(xx")=Trw ¢(A )(w)+Trz¢(=A 5)(2)

Py*=w+izor P=(Ug0), y=(y11y12)= (W+ iz y12)
1=Tryy" = Tryuyf; + Tryioys, = Tr w2 4+ Trz2 + Tryihy12
S(x*x) = Trw?S(x*x) + Trz2S(x*x) + Tryjry125(x*x)

D>[x, y] = Da[x, y12] + Da[x, w] + Dz[x, iz]

convex decomp  Da[x;, y1o] = (Try1oyfy) Dalx, yi2] - 12 = gp0=

Suff. cond. is that each of above terms > 0 but not nasc
Need y = (w+ iz y12) € Ha C Hp, © He,

but useful to analyze each term separately
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Product perturbation

very special case yac = ya ® yc not trivial

(Pa® Pc)(ya® yc)* = (wa + iza) ® (wc + izc)
= (WA®WC —zA®zC)+i(WA®Zc+ZA® Wc)
= Wac + izac

Apply inequality, cancel terms, and recombine etc.

neg. contrib to second deriv from —%Tr wach(Aag)wac - . . etc.

Dolxa ® xc,ya @ yc] = Dalxa, €™/ *wa] + Da[xa, e™/*z,]
+ D2[Xc, eiw/4WC] + D2[XC, ei7r/4ZC]

= %Dg[XA, wa + iZA] + %Dz[XA,ZA + iWA]
+ %DQ[XC, we + ize] + %DQ[XC, zc + iwc]
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Reduce general case to product

Aside: Need to write using Da[xa, wa + iza] etc. so that
(WA + izp, (yA)12) € subspace of allowed perturb.

combine with additive terms to get > 0

yac € (xa@xc)t CHa®He  Ha=Ha C Hp, ® He,

Can write  yac = Zjuij ®yé

Can show cross terms cancel and

Da[xa ® xc,yac] = ZMJ Ds[xa ® xc, yh @ yE]
J

= 2 (>0) >0
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Subtle point

development assumed Trx y* =0 and Trxx* = Tryy* = 1.
But  Tr(xa ® xc)(ya ® yc)* = (Traxaya)(Trc xcyg) =0
Could have Traxays # 0, in which case

ya=sxa+V1—3s2ys  Traxays =0, Trayayay =1

XA + tya = (1+s)xa+V1—5s2tya xa+7ya
V14 t2 VI +s)2+(1-s2)2 V1472

t— 7= ,/i—jrz t only effect is to rescale t

Doesn't affect sign of derivative replace p; by %,uj
J

M. B. Ruskai Gour-Friedland local additivity



Modifications when xx* singular

xu 0 0 xi1 0 range xx*
Block x — < 0 0 0> <0 O) ker xx*
combined cols for ker xx* and Heg\Hp y = <y11 y12)
Y21 Y22

first row ()/11 y12) same as non-sing. P*y = y11
y22 # 0 formally —Tr y2oy5, log xx* — 400

Majorization arg shows y»» # 0 always increases entropy
yo1 big problem: x — x +€Q QRQ* = proj(kerxx*)l
go back to —Try*ylogx*x — 3Tr [° VOﬁ%ﬁdU

get —Tryo1y5; log e + Tryo1y3; loge — Try3; yo1 log(xx* + eQQ™)

— —Tryj;y01 log xx*  well-behaved and additive
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Conjecture for real subspace of self-adjoint matrices

GF big deal of Gurvits “real” counter-ex and role of C vs R.

0

some kind of completely noisy channel not qubit restrict to R

Gurvits: subspace is span {/,io,}  anti-sym <(1) _1>.

But anti-sym not preserved over ® get inputs with output # %I.

Special case dg = dg (very atypical) more natural to consider for R
subspace of real symmetric (or even self-adjoint) matrices.
Conj: Local additivity holds over R in this case

Need slightly different inequality which seems OK numerically
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